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The derivative of equation (27) gives the equation de—ning

the critical points:
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The right-hand side of equatlon (28) goes through zero at

the critical point where
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At the critical point the left-hand side must also be zero.
This can happen by either the velocity going through an
extremum (du_/dx\ 0) or the quantity in the brackets
going through zero. The solution in R3 is monotonic
(Parker 1963), so the latter must be the case, and at X

u%c\ % (30)
Equations (29) and (30) describe the critical-point condi-
tions in R3 so long as x From equation (29),
depends only on r, and k/'af TH?% physmal statement of th:?g
is that there will bg a CI’ItICa% point in R3 as long as the ow
is not already supersonic when it enters R3 at x,. Equation
(27) can now be evaluated at Xas to give the ttelationship

between u, and x, :
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3.2. Mathematical Solution in R2

Equations (11) and (1 éombmetoeli ina[gﬁdgive
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At x\ X4 the area in R1 goes to zero, so that from equation
(14),

y2(xﬁ = yh\ 1] é x%. (33)
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This equation can be manlpulated to derive an equatlon for

that depends only on the physical parameters, not on
aRy of the other derived parameters, and satis—es the
requirements for continuity with the solution in R3. Begin

by taking the logari 'E?ofe tion @ toA/e
w2l w3l (@ e
To make this more compact use the notatlon

X

zhz(—qh, (36a)
P=(ag] oo (360)

Using these in equation (35) and combining that with equa-
tion (31) gives

ua[ In(uo)\ ([ a] ‘éln In() , (37

where the constant, C, depends only on the phy5|cal param-
eters of the problem, including the area ratio, R. Equation
(37) is a new equation that was not obtained in P68. It is a
transcendental equation for only u, that depends on the
solution in R3, because equation (31)'was used in its deriva-
tion. Thus, it is the solution for u ., the velocity at the base of
the model, which is required 0for the solution to pass
smoothly from subsonic ow at the base to supersonic ow
far from the Sun when the critical point is in R3. Generally,
equation (37) has two real roots corresponding to subsonic
and supersonic injection of plasma at the base of the
corona. We focus on the subsonic root.

The equatlon for u,, is derived by ellmlnatmg m, by using

equation (13) m&Ja ion (15) tq give
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which is equation (14) in P68. When equation (38) is di er-
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The physical solution is found by numerically integrating
the di erential forms of the equations (19) and (20) rather
than solving the transcendental integrated equations for the
appropriate roots. The height of the helmet, x,, is deter-
mined when y_] 0. By directly solving for the continuous
solution from %ubsonic ow at the base to supersonic ow



1280 SUESS & NERNEY

far from the Sun, we have bypassed alternative solution
branches. The solution space for these equations is analo-
gous to the solution space for the original Parker equations,
with the potential for additional complexity because of the
non-r2 geometric expansion in R2 (Kopp & Holzer 1976;
Leer & Holzer 1990).

The derivation here is simple and concise. However, we
have avoided spending time dealing with many real com-
plexities that were discussed in P68. Our goal is instead to
go directly to illustrating two important extensions to the
results in P68. The —rst is that the solutions shown above
are for gD 1, a major generalization to P68 that allows us
to examine a much larger class of ow regimes than could
be achieved by the g\ 1 restriction. The second is an exten-
sion to the speci—c results described in P68 for which an
upper bound to the permissible temperature in streamers
was derived. We turn to this second extension now.

3.3. Mathematical Solution for q\ 1

The g\ 1 solutions were extensively discussed in P68,
and we only summarize some of the results here. First,
equation (39) reduces to equation (16) in P68 in the limit
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First, note that ug\ corresponds to the ow velocity
being the speed of Sourfd, the same as equation (30) in R3. If
u2\ 3 the left-hand side of equation (40) is positive. The
r%ht— and side, however, is always negative. Therefore, the
equation can be satis—ed only if du./dx is negative. So, the
g\ 1 case exhibits only one criticdt point that must lie in
R3. We seek solutions for which the speed increases from
low values near r, to supersonic ow in R3. Therefore, the

ow adjacent to tRe helmet is subsonic, the critical point lies
in R3 when g\ 1, and the assumption implicit in ° 3.1 is
valid.

It was also shown in P68 that in this case x, * ( /4, so the
maximum possible extension of the closed r?nagnetic —eld
helmet region is one-half the distance to the critical point
in R3. This occurs for a speci-c temperature,
T. éz ( 91 and it was shown that at this tem-
p&rgg max* mi

%( mir{ Zm(mir} In(1] 1/Rma& 2[ 4In2, (41)

where it is to be noted that ( . is a minimum because
min
(P UT,.

In P6§‘this was interpreted as the maximum temperature
above which the streamer cannot exist with an internal
helmet of closed hydrostatic plasma. The temperature was
so high that the gas was simply too hot to be held stationary
by the surrounding pinch of the magnetic —eld in R2. This
interpretation, however, did not take into account the point
that R is a physical parameter that might also be expected
to vary as T increases. This is addressed below.

3.4. Solution Isomorphism

Nondimensional solutions can be used to generate many
dimensional solutions, but there is also an interesting iso-
morphism that can be used to generate many solutions from
one nondimensional solution. To show this, —x ( b20 and
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u ., the subsonic root from equation (37), all for a given r..
Because ( depends only on the ratio k/T,, changing k or

while keeping the ratio constant allows the generation o]f
other solutions without solving the nondimensional equa-
tions again. Further, u , depends only on R and k/T,, Equa-
tion (37) shows that for a —xed value of U and a Speci—ed
value of k/T, ((q \ constant), R can be calculated such
that u . does I%ot change. Finally, a —xed value of b, .implies
that I\p %B%odoes not change. Choosing N dTB:%) allows
the ca%gl ioh”of T, so that b, is constang 9 deter-
mines k (because k/?2 is knowanNhich in turn determines
T, from ( and k. W% have thus generated a new solution
\/\A‘th di erent R, k, T, and T, from the original non-
dimensional solution. g\side fro?'n comparing our results
with the original calculation in P68, which used k\ 0.69,
we have little interest in generating new solutions with dif-
ferent values of k. Therefore, keeping k equal to, e.g., 0.56,
the isomorphism is used by specifying T, and then calcu-
lating R such that u. is unchanged. Then the value of
NZC{B% is calculated from both T, and the original value of
b F %Ily, T, remains unchanggd from the original solu-
ti%ﬂ. This can lf]'e summarized by

(\ (T, (42a)
uy\ ugR, KITy, (42b)
byg\ BogNooT/B5g (42c)

We illustrate the use of this isomorphism by using the
P68 solution with k\ 0.69 and generating the new solution
with k\ 0.56. (Eq. [6], the pressure-balance condition, was
missing a factor of 2 in P68.) The parameters in P68 are

\ 2] 108cm~3, T.\ T,\ 15] 106 K, and B, .\
08% G. We take B, \ 2 G.%hen T, and T,\ 1.22]%°406
K, which is decreasgooby the ratio ofk /K 2. Because k
is the same value as in P68, equation (45'8)\'¥e(a9ires the sar%j
value of R (unspeci—ed). Then 32 \ 1.80 G, so that b, is
still 0.52. Only T,\ T, and % change. The %8n
dimensional solutiojn ofzequationg(?lO)—(lS) remains the
same, but dimensional solutions change through the scaling
ratios.

3.5. Character of the Solution Space

The general solution space can be plotted for three of the
four variables, T, T., R, and b, for -xed k\ 0.56 and r .,
that determine tﬂie s%lution. Wg%ave chosen to —x b20 an%
plot the solution of equation (38) evaluated at X~ We
neglect "u2[ u{ﬁ' compared to u%c so that equatiolﬁ (38)

may be written

ug

“5\ (1] bygexp Lf(2al DI b,yexp (fa). (43)
This is the new version of equation (25) in P68. Now equa-
tion (34) may be used to eliminate u%ua from equation (38),

giving
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